by Hsu et al. determines the component connectivity of the hypercubes. As an invariant of the hypercube, we determine the (g + 1)-component connectivity of the folded hypercube cκ g (F Q n ) = g(n + 1) − 1 2 g(g + 1) + 1 for 1 ≤ g ≤ n + 1, n ≥ 8 in this paper.
Introduction
An interconnection network is usually modeled by a connected graph in which vertices represent processors and edges represent links between processors. The connectivity is one of the important parameters to evaluate the reliability and fault tolerance of a network. However, the traditional connectivity always underestimates the resilience of large networks. With the development of multiprocessor systems, improving the traditional connectivity is necessary. Motivated by the shortcomings of traditional connectivity, several generalized connectivity and edge connectivity were considered by many authors. The component connectivity and component edge connectivity were introduced in [2] and [7] independently. The component connectivity can more accurately evaluate the reliability and fault tolerance for large-scale parallel processing systems accordingly. In [5] , it studies the component connectivity of the hypercubes.
Let G be a non-complete connected graph. The g-component cut of G is a set of vertices whose deletion results in a graph with at least g components. The g-component connectivity cκ g (G) of a graph G is the size of the smallest g-component cut of G. By the definition of cκ g (G), it can be seen that cκ g+1 (G) ≥ cκ g (G) for every positive integer g.
The n-dimensional hypercube Q n is an undirected graph Q n = (V, E) with |V | = 2 n and |Q n | = n2 n−1 . Each vertex can be represented by an n-bit binary string, and every bit position is 0 or 1. There is an edge between two vertices whenever there binary string representation differs in only one bit position.
As one of the important variants of the hypercube network, the n-dimensional folded hypercube F Q n , proposed by El-Amawy [4] , is obtained from an n-dimensional hypercube Q n by adding an edge between any pair of vertices with complementary addresses. The folded hypercube F Q n is superior to Q n in some properties, see [3, 4, 6] . Thus the folded hypercube is an enhancement on the hypercube Q n and F Q n is obtained by adding a perfect matching M on the hypercube, where M = {(u, u)|u ∈ V (Q n )} and u represents the complement of the vertex u, that is, all their binary strings are complement and 0 = 1 and 1 = 0. One can seen that 
Main results
Before discussing cκ g (F Q n ), we need some results of hypercubes Q n . Based on the results of [8, 10] , we have the following.
Lemma 2.2 ( [5, 13] ).
Then the following holds.
.
(ii) If |F | < θ Qn (g) and n − 2 ≤ g ≤ n + 1, then Q n − F contains exactly one large component of order at least 2 n − |F | − (n + 1).
To determine cκ g (F Q n ), we need several properties of folded hypercubes.
Lemma 2.4 ( [12]). Any two vertices in
if they have.
Lemma 2.5. For any two vertices
v i , v j ∈ V (F Q n ), n ≥ 4, the following holds. (i) If d(v i , v j ) = 2
, then these two vertices do not have any common neighbour.
(
, then these two vertices have exactly two common neighbours.
Proof. By the definition, the result holds.
Lemma 2.6. Let F Q n be a folded hypercube of dimension n, n ≥ 4, and
Proof. In a folded hypercube of dimension n, each vertex has n + 1 neighbours. Let V ′ = {u, v}, then from Lemma 2.5 they have at most two common neighbours, hence
Then the three vertices have exactly four vertices which are common neighbours of at least two of them.
Proof.
corresponding address of these vertices. Because of the symmetric of folded hypercube, we can assume, without loss of generality, that
, where 1 j l means the j l − th binary bit be 1, 1 ≤ j ≤ n. The neighbours to at least two of the vertices v i , v j , v k are the nodes with the following addresses: 
at least one vertex v ∈ V ′ such that one of the following hold:
(ii) v has no neighbours in
Proof. We prove the result by considering the following two cases.
According to Lemma 2.4, these two vertices do not share any common neighbour. Hence, they have 2(n + 1) − 2 = 2n neighbours that are not shared between them. From Lemma 2.7
and Lemma 2.8, for n ≥ 5, F Q n has no odd cycle of length 5. Then each additional vertices 
By Lemma 2.5, the two vertices have two common neighbours. Hence, they have 2(n + 1) − 2 × 2 = 2(n − 1) neighbours that are not shared between them. Each additional vertices
can be in one of the following positions in relation to v 1 and v 2 . 
Choose every pair of vertices in V ′ , they have no common neighbour. Hence,
So the result holds. Because of the symmetric of the folded hypercube, it is possible to change the role of v 1 and v 2 in the following discussions.
For convenience, let g(n + 1) − 1 2 g(g + 1) + 1 = f n (g). Combing Lemma 2.5, Lemma 2.6 and Lemma 2.7, we can determine the minimum neighbour of F Q n .
Theorem 2.11. Let F Q n be a folded hypercube of dimension n, n ≥ 5, and V ′ be any vertex
vertex subset in F Q n that consists of a vertex and its g − 1 adjacent vertices, then
Proof. We prove this result by induction on g.
First, we prove the result for g = 1 and g = 2. As every vertex in F Q n has n + 1 neighbours,
By Lemma 2.5, the result holds for g = 2.
Now assume the result is true for g, g ≤ n, that is, for any vertex subset
Then we show that it is also true for g + 1. We prove the result by contradiction. Let V ′ be a vertex subset of V (F Q n ) with
. By Lemma 2.9, there exists at least one vertex v ∈ V ′ such that one of the following hold:
Case 2. v has no neighbour in V ′ and |P N (v)| ≥ n − (g + 1) + 1.
Following, we show the result is true for g = n + 2. Let V ′ be any vertex subset of V (F Q n )
with |V ′ | = n + 2. Choose a node v ∈ V ′ and let
So combining all the cases,
Let V ′ be a vertex subset in F Q n that consists of a vertex and its g − 1 adjacent vertices,
By simple calculation, f n (g) = g(n + 1) − 1 2 g(g + 1) + 1 is strictly monotonically increasing when 1 ≤ g ≤ n. Moreover, the maximum of f n (g) is f n (n) = f n (n + 1) = 1 2 n(n + 1) + 1, and
Proof. Let F be a minimum (g+1)-component cut of F Q n , then |F | = cκ g+1 (F Q n ) and F Q n −F induces at least g+1 components. First we prove
and at least g of them are singletons. So cκ g+1 (F Q n ) ≤ f n (g) for 1 ≤ g ≤ n + 1.
Next, we prove that cκ g+1 (F Q n ) ≥ f n (g) for 1 ≤ g ≤ n + 1. Suppose the contrary, that is,
exactly one large component C of order at least 2 n − |F | − (n + 2). Noting that Q n is a spanning subgraph of F Q n , so C is a connected subgraph in F Q n . Let the components of F Q n − F be
, and assume that the largest component of F Q n − F is C 1 . Then
Case 2. g = n, n + 1.
By ( * ), we have f n (n) = f n (n + 1) = n(n + 1)/2 + 1. If we have
So with the same discuss as to 1 ≤ g ≤ n − 1, we have |F | ≥ f n (n).
So cκ g+1 (F Q n ) ≥ f n (g) for 1 ≤ g ≤ n + 1.
One may wonder why we only do the result for 1 ≤ g ≤ n + 1 and not extend the result for g = n + 2. The reason is that the formula does not hold for g = n + 2. And as proved in the following result. Lemma 2.13. Let n ≥ 5, then cκ n+3 (F Q n ) > f n (n + 2).
Proof. Suppose to the contrary, that is, cκ n+3 (F Q n ) ≤ f n (n + 2). Since f n (n + 2) < f n (n + 1) ≤ cκ n+1 (F Q n ), this implies that cκ n+3 (F Q n ) < cκ n+1 (F Q n ). A contradiction.
Conclusions
The component connectivity is a generalization of standard connectivity of graphs, see [2, 7] , which can be viewed as a measure of robustness of interconnection networks. The standard connectivity of hypercubes (or classic networks) have been studied by many authors, but there are few papers on the component connectivity of networks. As the folded hypercube is an enhancement on the hypercube Q n , they have some similar properties. Motivated by the method in [5] . We introduce an idea to consider the g-component connectivity of the folded hypercube for 2 ≤ g ≤ n + 2 for n ≥ 8. Our result in this note is not complete. The problem of determining the (g + 1)-component connectivity of the folded hypercube for g ≥ n + 2 is still open.
